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Abstract 

In this work we develop a geometrical unification theory for gravity and the electro-weak 
model in a Kaluza-Klein approach; in particular, from the curvature dimensional reduction 
Einstein- Yang-Mills action is obtained. We consider two possible space-time manifolds: 
1)V A <S> S 1 <S> S 2 where isospin doublets are identified with spinors; 2) V 4 <g> S 1 <S> S 3 in which 
both quarks and leptons doublets can be recast into the same spinor, such that the equal 
number of quark generations and leptonic families is explained. 

Finally a self-interacting complex scalar field is introduced to reproduce the spontaneous 
symmetry breaking mechanism; in this respect, at the end we get an Higgs fields whose two 
components have got opposite hypercharges. 
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I. INTRODUCTION 

The best results of modern physics are the two theories that describe the fundamental 
interactions, i.e. Standard Model and General Relativity. However, at the present no sat- 
isfying way to unify them is known, especially because of the mathematical and physical 
difficulties in the development of a Quantum General Relativity. Even if it is a general hope 
that the quantization of gravity would lead to the unification of all interactions, there is 
no indication that it will follow. For example Loop Quantum Gravity one of the most 
promising candidate for a quantum General Relativity, does not contain other interactions, 
so it achieves no unification yet. Moreover, because cosmological sources we observe are only 
gravitational ones, on cosmological scale we can treat gauge carriers fields as perturbations. 
Therefore, the coexistence, in a unified picture, of a classical formulation for gravity and of 
a quantum theory for other interactions can be interpreted as a low energy effect. 
The great achievement of General Relativity is the geometrization of the gravitational field; 
following this approach we can try to regard even others fields as geometric properties (ge- 
ometrical unification models) and, in particular, as space-time metric components (Kaluza- 
Klein theories). This issue, obviously, implies extra geometrical degrees of freedom, that 
can be introduced by virtue of extra-dimensions. To make the multidimensional model 
consistent with a four-dimensional phenomenology, we require the unobservability for this 
additional coordinates and, due to quantum uncertainty, it can be reached by taking a com- 
pactified extra-space. It is also possible to consider non-compact Kaluza-Klein models, as 
in braneworld scenario 3|, and they found applications in string theory; however, in those 
models a strange kind of unification arise, in fact while the gravitational field propagates in 
the bulk, the other interactions are restricted to the four-dimensional brane. 
The oldest model with non-gravitational fields in the metric is the original Kaluza-Klein one 
, which deals with the unification of gravitational and electromagnetic interactions 
in a space-time manifold V^t&S 1 . To extend this procedure to a generic Yang-Mills theory, a 
geometrical implementation of the gauge group and of its algebra have to be performed. The 



latter is easily achieved by t 



of homogeneous space see 



] le introduction of an homogeneous extra-space (for the definition 
"J]) and by considering its Killing vectors algebra. Instead, the 
role of group transformations is played by extra-dimensional translations; however, unless 
the above mentioned unobservability is taken into account, the right gauge transformations 
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on fields are not reproduced At the end, to geometrize in a Kaluza-Klein approach a 
gauge interaction, an extra-space, whose Killing vectors algebra is the same as the gauge 
group one, is required (for a review see Q] 

In our work we reproduce in this way all the features of the electro-weak model, an issue 
failed by other multidimensional theories. In particular, we derive not only free gauge bosons 
Lagrangian from the dimensional splitting of the multidimensional curvature, but also we 
show how their interaction with spinor fields can be obtained by the splitting of free Dirac 
Lagrangian. Therefore, we are able to give a completely geometric interpretation to the 
boson component and we have to introduce just free spinors. 

Furthermore, the left- and right-handed four-dimensional fields, separately, as the lightest 
modes of an extra-coordinates expansion arise, while any their linear combination acquires 
a mass term, having the order of the compactification scale. So the need of a distinct treat- 
ment for the two chirality eigenstates becomes a low energy effect. 
There are two space-times suitable for our approach: 

• a 7-dimensional manifold V A <g> S 1 <g> S 2 , 

• a 8-dimensional manifold V A ® S 1 <g> S 3 . 

In the first case, we deal with eight-components spinors, so we assign a geometric meaning 
to the isospin doublet. 

In the second case, the number of dimensions of the gauge group is the same as that of 
the extra-space; from this condition we get the identification of gauge charges with extra- 
components of the fields momentum and the equality of the number of leptonic families and 
quark generations. 

Moreover, as an extension respect to canonical Kaluza-Klein theories, a dependence by some 
four-dimensional scalar fields (a m ) for the extra-space metric is considered. 
At the end, the multidimensional analogous of the Higgs boson is introduced; in particular, 
we define it so that its two components have got opposite hypercharges. In this way it is 
possible to realize the spontaneous symmetry breaking to the U(l) electro-magnetic group 
and to add, in the Lagrangian density, mass terms for all particles. 

In particular, the work starts in section II with a short review of the electro-weak model, 
while in section III we define the space-time manifold and show how the Einstein-Hilbert ac- 
tion reduction leads to the Einstein- Yang-Mills one and to the terms describing a dynamics; 
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in section IV, for matter fields we illustrate the form of the extra-coordinates dependence 
able to give the right gauge transformations and the conservation of gauge charges. In sec- 
tion V we apply the results of the previous analysis to the space-time manifolds V 4 ® S 1 ®S 2 
and V 4 (g> S 1 (g> S 3 , where we recast the observed four-dimensional fields into eight and sixteen 
components spinors, respectively. Section VI deals with the introduction of the scalar field 
responsible of the SU(2) <g> U(l) symmetry breaking, while in section VII brief concluding 
remarks follow. 



II. ELECTRO- WEAK MODEL 

The electro- weak model is a SU{2) <g> U(l) gauge theory; SU{2) transformations act only 
on left-handed components in the following way 

^ L = {I+ % -gSu) i T^ L (1) 

where buf are arbitrary infinitesimal functions, g is group's coupling constants, Tj are group's 
generators (Pauli matrices) and -0L is constituted by left-handed leptons (quarks) fields of 
the same family (generation) 



(2) 



The conserved charges associated to the SU (2) invariance are the three components of the 
weak isospin 

k = ( d^T^. (3) 
Je 3 

U(l) transformations act also on right-handed states, in particular the infinitesimal trans- 
formation law for matter fields is the following one 

i//=(I + igfy^Su°I)^ (4) 

where g' is the U(l) coupling constant and the hypercharge depends on the field and 
of the chirality state. In fact, we impose that the weak hypercharge, the conserved charge 
associated to these transformations 





Y — y d 3 x^ilj, (5) 
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is related to the electric charge and the third component of the weak isospin by the following 
relation 

^- = Y + h. (6) 

e 

By substituting ordinary derivatives with the ones containing gauge connections and by 
introducing gauge bosons free terms, the SU(2) ® U{1) invariant Lagrangian density from 
the Dirac one is developed, i.e. 



ihc 



l,q=l 



ihc 



IrYD^Ir] + IT D l^qLl^ q L ~ ^qL-fD^qL + Djfi q R^U g R 



9=1 



-UgR^D^UgR + D^dgR^dgR - dgR^D^dgR 



where 



B^u = d u B^ — d^By 
GU = duW; - d,Wi + gc%WlW h v 
D^ lL = [d, + \ignWl - i 9 -IB^ lL 
B^Ir = [df, - ig'B^ln 
B^vm = d^uiR 
D^qL = [d, + '-gnW; + ipB^ qL 

B^UgR = [df, + i-g By\u q R 

D^ L u q R = [8,, - i-g'B^u q R. 



Bosons we observe are related to SU{2) (£> U(l) gauge ones by the transformations 



B^ = - sin W Z^ + cos Q W A [1 



W 1 



W 2 



u w+ - w ~ 



(7) 



Wl = cos 9 W Z^ + sin 9 W A^ 
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In order to obtain a spontaneous S77(2)(g)£7(l) symmetry breaking a Higgs scalar field, which 
is an isospin doublet and has got | hypercharge, is introduced with a suitable Lagrangian 
density, i.e. 

i 

- 9uqW>qLU q R(p + ft U qR 1p gL \ - gdq[4>qLd q R(j) + <ft dqR^ql] 

g 

with fj 2 < 0, A > and <fi = — z(<^T 2 ) T . The Higgs field realizes a spontaneous symmetry 
breaking, which deals to the conservation of only the electric charge, by fixing its expectation 
value in the vacuum as the following one 




In this way, a unified picture for weak and electro-magnetic interaction is achieved; further- 
more, a mechanism by which massive particles arise is obtained, even if the field responsible 
of this process have not been detected yet. 



III. GEOMETRIZATION OF THE ELECTRO- WEAK BOSONIC COMPONENT 

Let us consider a space-time manifold 

V n = V A ® B k (10) 

where V A is the ordinary 4-dimensional space-time, with coordinates = 0, ... ,3), and 
B k stands for the extra-dimensional one. The space B k is introduced in such a way that its 
Killing vectors reproduce the Lie algebra of a SU{2) ® £7(1) group, i.e. 

Cm^tiCm ~ ^M^n^R — CnM^P (11) 

where C^ M are SU(2) ® £7(1) structure constants. 

In particular, we have the following two possible choices for B k 

i)S 1 ®S 2 (12) 
lijS'^S 3 ; (13) 
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we will refer to coordinates on S 1 and S 2 or S 3 by y° and y l {i = 1, ..k — 1), respectively, 
while y m (m = 0, .., k — 1) will indicate both of them. 

We develop a theory invariant under general four-dimensional coordinates transformations 
and under translations along B k 



x> 



y' m = y m + uj M (x^Ti(y n ); 



(14) 



for the metric we take the following ansantz 

/ 



Jab 



n -U /v A M A N 
y^v i XmnSMSiV" ;u ^ 


cm AM 
/mnSM n ji 


'V £ n 4^ 
imnS N u 


7«™ 



(15) 



/ 



where A h J are gauge bosons fields and g^ v the four-dimensional metric 
For the extra-dimensional metric, we assume 

lmn(x; y) = 'J m n(x)a m (x)a n (x) 



(16) 



(in the latter expression the indices m and n are not summed) with a = a(x) some scalar 
fields that account for the dynamics of the extra-dimensional space. In order to forbid 
anisotropics of the space S 2 or S 3 , we take a 1 = a 2 {= a 3 ) = a, so allowing just size changes. 
We note that in the 8-dimensional case the extra-space is 4-dimensional, so its dimensionality 
is the same as that of the gauge group; thus, Killing vectors can be chosen in such a way 
they are directly related to extra-dimensional n-bein vectors by the following relation 



(n) = Q n e (n) 



(17) 



where in the latter the index n is not summed. 

We can carry on the dimensional reduction of the Einstein-Hilbert action in 4+k-dimensions 

as 



S 



-j n R<fxd k y 



(18) 



and we get the geometrization of the gauge bosonic component, i.e. from the multidimen 
sional curvature their Lagrangian density outcomes 



S 



16nG 



k-l 



d 



-9 



R + R N -2g^J2 



n=Q 



a 1 
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-r E ^^-iE(») 2 oJc M ""-lM !ji X'1 (if) 

n^m=0 M=l 

where for Newton coupling constant and for the curvature term we have, respectively, 
(V is the volume of the extra-space) 

For details, we remand to our precedent work 

Therefore in a Kaluza-Klein approach we carry on the geometrization by identifying gauge 
bosons with mist metric components. Unless the introduction of super-symmetries this 
procedure is not extensible to fermions, so to account for them we have to introduce spinor 
matter fields. 



IV. MATTER FIELDS 

Any matter field is a not-geometric and, thus, an undesired term in a geometrical unifica- 
tion model; however, a remarkable result achieved in previous works Q| [ll3] is the possibility 
to deal simply with free spinor fields, once we assume for them a suitable dependence on 
extra-coordinates. 

In other words, we take the following matter fields 

q?( x; y ) = L e -^M^& N b))^ x ^ (20) 

where Tm are gauge group's generators, 6^ scalar densities of weight \ on the extra-space 
and if) the four-dimensional fields, while we define the constant matrix A by the following 
relation 

= yj V^(dTid m & N )d K y. (21) 

With such a dependence on extra-coordinates, the transformation of the field tp under trans- 
itions along Killing vectors once the role of the unobservability is taken into account 
is like the action of a gauge group, i.e. 

i(/ = i/> + iu M T M i). (22) 
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Moreover, with the same assumption we demonstrate the conservation of gauge charges; in 
particular, in the 8-dimensional case they can be regarded as extra-components of the fields 
momentum (lfl| . 

The most remarkable result, that follows from the hypothesis (|271j) . is the geometrization of 
spinor gauge connections. In fact, starting from the free Dirac Lagrangian, the interaction 
with gauge bosons outcomes 

J k V=jd K y^D M yd k y = ^e^D, + iT M Af)<i/j. (23) 

However, some additional terms, deriving from 

/ v^7d K yH>^d {m) *d k y, (24) 

JB K 

arise; they produce the standard Kaluza-Klein contribution to the spinor mass, of the same 
order as the compactification scale, and lead to very heavy four-dimensional particles. These 
particles cannot be described by a low energy theory. 

Now, because the extra-dimensional 7 matrices are developed by the four-dimensional 75 
one, we find that for the left-handed and right-handed fields the expression (|2~3j) vanishes. 
The latter statement explains why, in a multidimensional theory, the four-dimension chirality 
eigenstate still have to be considered: they correspond to the lightest mode of an expansion 
in the extra-coordinates. 

In conclusion, to account for fermions interacting with gauge bosons, we need just free left- 
handed and right handed spinors, where, again, we stress that the chirality we refer to is 
the four-dimensional one. 



V. SPINORS REPRESENTATION 



At this point, the introduction of fermions is based on the analysis of the previous section. 
In particular, the action of the U(l) group is reproduced by adding a y° = <p dependent 
phase in front of the four dimensional spinors 

0(x M ) -> $ = -^e^cf) <p = [0; 2tt) (25) 

where L stands for S 1 length and n is related to the hypercharge of the field <f); in fact, under 
the infinitesimal translation tp — > ip + /(^ M ), the transformation law for (ft is 

Ti 

<I>-Kj> + infix*) =<t) + i-g(x>*). (26) 
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From the latter expression, by imposing it reproduces the action of the hypercharge U(l) 
group, the value of n for each spinor is easily obtained 



(27) 



We observe that, in order to maintain the fundamental periodicity of *&((p), n must be an 
integer; this gives a justification for the hypercharge spectrum observed. 
In an analogous but formally more complex way, for the SU(2) group we make use of Pauli 
matrices and, according with the equation (l20| . the form for the dependence on S 2 or S 3 
coordinates is the following 

1 



-iT M Xf'e N (y i ) 



V 



* M, N = 1,2, 3 



(28) 



where T M are SU{2) generators, V stands for S 2 or S 3 volume and A obeys the relation ^1 
Now, because the number of spinor components in a d-dimensional space-time is 2^ (l2| 
we perform a distinct treatment for a 7-dimensional and a 8-dimensional space-time. 
In the 7-dimensional case, we deal with eight components spinors, thus explaining the isospin 
doublet. In particular, we introduce the following four spinors for any leptonic family and 
quark generation 



1 



IL 



D m L ip 



1 



e in L <Pl 



IR 



V\fL 



qL 



1 -iarX 1 M ' e lL 

Vy/L \ e mLV l, 



qR 



VlR 

e iniR n R 



1,2,3 (29) 



9=1,2,3 (30) 



with obvious notation for four-dimensional fields. Thus, we include even the right handed 
fields of leptons (quarks) of the same family (generation) in the same spinor and this as- 
sumption is consistent with their different interaction properties, since we assume for them 
a different dependence on the coordinate (p. 

In the 8-dimensional case spinors have got 16 components and this allow us to reproduce all 
Standard Model particles from the following six ones 



/ 



IL 



Vx/L 



-i^x'e* 



VlL 



\ 



m qL ip 



UlL 



( 



IR 



Vy/I 



\ e in «^d lL J 



VlR \ 

e in uRV > UlR 



1 = 1,2,3 (31) 
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being 

T,= f ff '°| (32) 
\ a, 

where we stress that Pauli matrices 07 act on isospin doublets. 

Therefore, in a space-time V 4 £g> S 1 (g> S 3 we propose a model in which quarks and leptons 
are the components of the same spinor, but the Lorentz symmetries connecting them are 
broken by the compactification. The relic features of such a statement are 

• i) common properties under the action of (what a fuor dimensional observer interpret 
as) the gauge group, 

• the equality between the number of leptonic families and quark generations. 

In both 7- and 8-dimensional cases, from the dimensional splitting of Dirac Lagrangian 
for such spinors, we also get some relations between a and a' and electro-weak coupling 
constants g and g', so an estimate of extra-dimensions lengths, i.e. 

a 2 = 16ttG (- Y a' 2 = lQnG(—) 2 (33) 
\gc/ \gc' 

a = 0.18 x l(T 31 cm a = 0.33 x 10~ 31 cm. (34) 

These equalities show that if a and a 1 are not constants, so if the extra-dimensional space 
changes with space and time (as we expect in a geometrodynamics theory), coupling 
constants acquire a dependence on (four-dimensional) space-time coordinates, like in Dirac 
hypothesis on large numbers or in the Brans-Dicke theory (l^ . 



VI. SPONTANEOUS SYMMETRY BREAKING 

Now, we have to reproduce the spontaneous symmetry breaking mechanism, to account 
for the only (electro-magnetic) symmetry we find in the physical world and to attribute 
masses to particles. 

In a straightforward way we can just introduce a two components complex scalar field, i.e. 

$ = = -^e-^ A M V \ = 3 (35) 
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and so the four-dimensional one associated 



(36) 



>2 



has two weak isospin doublet components 0i and 02, with hypercharges — | and |, respec- 
tively. 

We take a Lagrangian density with a Higgs potential 

A $ = ^ Am d ( A)&d {B )Q - V 2 &® - A($ f $) 2 (37) 
and, after the dimensional splitting, we get the action for the Higgs boson 

S* = - f <?x^\\gV{D^D v <l> - (^ 2 - G)0+0 - A(0t0) 2 ] (38) 

C Jyi 12 J 

unless an additional mass term G — — !0 19 GeV, which would imply an extremely 
accurate fine tuning on the potential parameters \x and A to get a mass mg ~ 200(7eV ". 
Now, we have to fix a suitable vacuum expectation value to get the spontaneous symmetry 
breaking, but because for the hypercharge generator is opposite to the weak isospin third 
component one, from © we have that any vacuum state is invariant under the electric 
charge symmetry. 

Therefore, in the unitary gauge, we rewrite around the vacuum as 

v\ + a(x) 

In order to obtain massive fermions, a distinct treatment between the 7-dimensional and the 
8-dimensional scenario is required. 

In the first case, the form of fermions mass terms in the Lagrangian is the following one 

3 3 

A** = M^IL^IR + ViR&Vil)] + [9u q {^qL^ qR + V q R&V qL )] (40) 

1=1 q=l 

where we define the invariant product of two spinors and the field $ as 

4 

l$tf 2 = ^[(ti) r $!(* 2 ) r + (t 1 ) r+ 4$ 2 (* 2 )r+4]- (41) 
r=l 

In the second case, we deal with only one constant g, i.e. 

3 

= 9 Y^i^iL^iR + Vir&Vil] (42) 
i=i 



Vi = v cos 9 v 2 = v sin 9. (39) 
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being 

4 

*j>l$tf 2 = ^[(#l) r $l(#l)r + (^iW^^W + (^l) 8 +r$l(^m)8+r + 12+r$2 (* 2 ) 12+r] • 

r=l 

However, in both cases we have to redefine the four-dimensional fields by a constant phase 
(which, obviously, does not modify the previous results) 

if) -> c^tf) c\c^ = 1 (43) 

so that the interference between the phases of right-handed and left-handed fields determi- 
nate fermion masses 

= gv 1/2 (c^ R c^ L + c^c^r). (44) 

At this point, because of the arbitrariness of the coefficients c, the mass spectrum for all 
particles in Standard Model can be reproduced by setting g greater than the biggest mass 
observed (top mass m t ~ \%QGeV). 

Therefore, in this scheme masses are produced by the interference between phases of massless 
(right-handed and left-handed) fields and not only by the vacuum expectation value of the 
Higgs field. 

We note that in the seven dimensional case, an alternative way to obtain massive fermions is 
simply to rewrite in our formalism mass terms in the Lagrangian density (jHJ). The expression 
needed for this task is the following one 

3 

= M^iL^iH + Vir&Vil) + g^Vii&ViR + %r&Vil)]- (45) 
1=1 

Finally, we stress again the result of this section: in our scheme it is possible to introduce a 
scalar field, which plays the same role of the Higgs bosons in Standard Model. The difference 
between them stands in the fact that in our case the scalar field has two components with 
opposite hypercharge; however, after the spontaneous symmetry breaking, the remaining 
fields Lagrangian density is exactly the same as in Standard Model. 

VII. CONCLUDING REMARKS 

Therefore, we develop a model in which both gravity and electro-weak interactions are 
geometric; in particular, the geometrization of a 577(2) <g> £7(1) gauge theory require the 
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introduction of an extra-dimensional space and the identification of gauge with space-time 
isometries. In this way, gauge bosons arise as metric components. 

We introduce spinors such that their interactions with gauge bosons are automatically con- 
tained in the Lagrangian density and their gauge charges are conserved. 
In the last section we also reproduce the spontaneous symmetry breaking mechanism. 
Our final action is thus the sum of tree terms 

S = S h ~e + + (46) 

where 

• the former is the Einstein-Hilbert action, from which the four-dimensional Einstein- 
Yang-Mills action outcomes; 

• the second is the Dirac action, that gives the four-dimensional theory for spinors 
interacting with gauge bosons, 

• the latter reproduces the spontaneous symmetry breaking mechanism and it predicts 
an Higgs field constituted by two hypercharge singlets. 

Even if the model is developed in a multidimensional scenario, in the low energy limit the 
four-dimensional chirality eigenstate arise. In fact, they are the lightest modes, since their 
mass does not receive any contribution due to the extra-dimensional dependence. 
We have shown that there are two space-time suitable for our approach: V 4 <g> S 1 <g> S 2 and 

V 4 <g> s 1 ® s 3 . 

In the first case, the geometric properties of the space-time force us to introduce 8- 
components spinors; thus, the necessity to deal with isospin doublets becomes natural in 
this scheme. This result suggest us to recast even the right-handed fields into the same 
geometrical object. 

Instead, the choice of an 8-dimensional space-time manifold lead to 16 components spinor 
fields; so that we propose to put into the same spinor quarks and leptons. As a consequence 
of this approach, the equality of the number of leptonic families and quark generations arises. 
Furthermore, in our model we assume that extra-dimensional spinor connections vanishes. 
This assumption stands on the breaking of general covariance in the extra-space; in fact, a 
spinor does not change under translations, which are the only symmetries of B k . 
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However, the breaking of general covariance itself is an open question; a possible answer 
could come from the Spontaneous Compactification Mechanism |3| A role in this 

sense might also be played by the a fields, whose dynamics is under investigation. 
Finally, prospectives of our work deal with the inclusion of strong interactions; as a starting 
point, we can say that we cannot find a space with Killing vectors able to reproduce the 
SU(3) algebra. Furthermore, in the 8-dimensional case, the gauge group acts only some 
spinors components. For these reasons, the next task is the application of this approach to 
Grand Unification Theories (GUT). 
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